Problem 1. Show that if Zis normal(0,1) then Ee*ZI(Z > b) = 2%’ N(a — b)
Ee®Z1(Z > b) = ez EI(Z + a > b) = 2 El(—Z 4+ a > b) = e2* N(a — b)
1_2 +
Problem 2. Show that if a,b,0 > 0 are constant then E (ae”z’i" — b) =aN(dy) —bN(d_y)

Jr
E (ae“z_%az - b> = E (ae”z_%”2 — b) ]I(CLe"Z_%U2 > b)

2

= aEI(ae”?t927" > b) — bEI(ae’? 27" > b)

b 1 b 1

= aEIl(Z “'ln- — ~0) —bEI(Z n -+ =
aEI(Z > o n- 2) bVEI(Z > o na—i—20)

1 1
= aEI(Z <o™! ln% + 50) —bEI(Z < o7 ! ln% — 50)

= aN(dy) —bN(d_y)
Problem 3. Compute the MGF of a normal(yu, 0?) random variabl

1 2,2
¢Y(t) _ EetY _ Eet(,u—i—a'Z) — eutEetO'Z — e,ut—i-za t

Problem 4. Prove that the MGF of the sum of two independent random variables is equal to the product
of their MGFs

Oxiy(t) = B =Ee¥e™ = BN Ee = ¢x(t)dy (1)

where the property that independence is preserved under transformation by Borel functions, in this case

flw) = et

Problem 5. Use the prior result to show that the sum of independent normals is a normal

bron(t) = [ o (t) = [ eomtrsiets = (Sroumts st
i i
which is the MGF of a normal(} ", ¢;u;, Y, c7o7) random variable.
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Problem 6. Let £(y|u,0?) denote the CDF of the log-normal distribution. Derive the following results:
1. pp = BY* = hntak?e?
2. EY*I(Y < z) = e L(z|p + ka?, 0?)
3. EYFI(Y > z) = u L(z7 | — (pu + ko?),0?)



Since InY is a normal(y, 0?) random variable, Y = e#7°Z where Zis normal(0,1). Hence Y* = ¢f#tkoZ and
so by the GSL, uy = e#2%% - Also

EYFI(Y < z) = EeMTho?](ert7Z < g)
— MkEH<€M+U(Z+kU) < IL“)
_ MkEH(equkoQJroZ < :E)

= wLl(z|p+ ko 0?)
and

EYFI(Y > 2) = EeMTho(erto? > o)
— Eeku-‘rkaZ]I(e—u—UZ < {E_l)
_ MkEH(ef,ufa(Z+ka) < 5671)
= Lt ko?), o)

and so when k = 0, L(z|p,0%) + L(z7'| — p,0%) =1
Problem 7. Let N(z,y;p) denote the bivariate normal CDF. Show that

EI(X < b)N <%) — N(a,b; p)

Note that

N(a,b;p) = EI(Y <a,X <b)
= EExI(Y <a,X <b)
= EI(X < bExI(Y < a)
= EI(X < bP[Y < alX]

B Y —pX a—pX
= EI(X <b)]P’[ <3 \X}
— EI(X <b)N (a —;X)

where the property that Y| X is normal(pX, 3?)

Problem 8. Use prior problem to show that

1. N(z,y;0) = N(z)N(y)



2. N(z,y;1) = N(z Ay)
3. N(z,y;—1) = (N(z) = N(=y)l(z +y > 0)

Since N(z,y;0) = EI(X < 2)N(y) = N(z)N(y) first item is true. Since N(z,y;1) = lim, EI(X <
)N (y—_ﬁLX> =EI(X < 2)I(y > X) =EI(X < x Ay) = N(x Ay) the second item is true. Finally,

X
Niz.y:=1) = ImEIX <x)N (y P )
p

p
= EI(X <2)[(y+ X >0)
= El(-y < X <ux)
= [N(z) = N(=y)]I(-y < z)
Problem 9. If X; are correlated normal(j;, 0?) random variables with covariance matrix I';j = 0,0;pij show

that Y = 3", ¢;X; is univariate normal(c? s, ¢'Te). Since X = p + I'/2Z where Zis an independent random
vector whose components are normal(0,1),

T
¢Y (t) — ]Eetc X
—  Retc" (u4TV?2)
T, T1T1/2
e ,ut]Eec 7=z
_ eCT}L'tJr%CTFl/QFl/QC
where the symmetry of the covariance matrix is used.

Problem 10. If XY are N(0,1;p) show that EY f(X) = pEf'(X) where f is a given differentiable and
measurable function.

EY f(X) = EExYf(X)
= Ef(X)ExY
= pEf(X)X
=7 pEf(X)

Problem 11. Let XY satisfy GBM SDEs:

Y, = Y (p,dt+o,dB;)

Derive the product and quotient SDEs.



d(X,Y,) = YdX,+ X,dY; + dX,dY,
= XuYi ((pte + pty + 040y)dt + (0, + 0,)dBy)
and
d(X. Y, Y = dX,Y7 - XYY, - Y7 2dXdY 4 XY TPdYE
- (A i

X, Y X% %y,
= XY (e — pty — 020y + 0,)dt + (0, — 0,)dBy)
+
Problem 12. Show that E (aemx—%v? - besz—%o%) = aN(d;) — bN(d»)

+
E (ae”lx_%"l — be”y_%”g) = E <ae”1X_%"% — be”y_%”%) H(aeolx_%”rf > be”Y_%U%)

= aIE]I(ae“l(XJ“’l)_%"% > be”Q(Yﬂ’”l)—%U%) - bEH(aeal(Xercfz)—%a? > 5602(Y+o—2)—%0§)

Uf — 2po09 + ag) > 09 — O’lX)

Since Z = 0,Y — 01X is normal(0,0 £ 02 — 2po,04 + 02)

Problem 13. If Zis normal(0,1) show that EN(a1Z + b1)N(asZ + b)) = N(c1, c2; p)

PzN<a,12 -+ bl)N(CLQZ -+ bg) = EEH(U < a1 4+ bl)EH(V < a4 + bg)
—aZ b — a9/ b
= EEI J a11/2 < - 1/2 I ’ CL21/2 < - 1/2
(1 —ai) (1 —ai) (1 —a3) (1 —a3)

- N b1 by ) a1a9
1—-a2)?" (1—ad)"* (1—a)/* (1 —ad)'

4




Problem 14. Show that N(a,b; p) = N(a,c; p1) + N(b,—c; ps) . Let X, Y be normal(0,1;p). Let y = az +
be a line passing through (a,b). Then § =0 — aa

N(a,b;p) = EI(X <a,Y <)

EI(X <a,Y <bY <aX + )+ E(X <a,Y <bY >aX + )
El(X <a (Y = 8),Y <b)+EI[(X <a,Y <aX + f)

= El(aX -Y < -B,Y <b)+E[(X < a,Y —aX < f)

|
=

—B 1 g —a
b; — +N|a ;
(1—2pa+a2)/277 (1 =2pa+ a?)l/? "(1=2pa+ a?)V2’ (1 — 2pa + a?)1/?

If Xis chosen to have variance 0% and Y is chosen to have variance o2 and the slope a = 1, then 8 = 90 —01a
and the above analysis can be repeated to attain the desired conclusion of Biichen q10:

N(a,b;p) = EI(X < aoy,Y < bog)
= EI(X —Y < —8,Y < boy) + EI(X < ao1,Y — X < f)

I R LA

)
o g9 0039 o1 O 001

_ N(ﬁ,b;w> +N(a,§;m)
o o

o o
where 0% = 0} + 03 — 2p0109

Problem 15. Show that N(a,b; p) = N(a,c; =) + N(b)N(—c) where ¢ = 2% 5 = (1 — p?)!/?

B b
From problem 14, choose 05 = po; to zero the correlation of one term, and choose f = co. Then
2
N(a,b; p) = N(=c,b;0)+N(a, ¢, — 2+p(21§p o1 = (1—p?)"/?). Since uncorrelated normal random variables
91 91

—2p202)1/2

are independent, N(—c, b;0) = N(—c)N(b) and the conclusion follows.



