
Problem 1. Show that if Zis normal(0,1) then EeaZI(Z > b) = e
1
2
a2N(a− b)

EeaZI(Z > b) = e
1
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a2EI(Z + a > b) = e

1
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a2EI(−Z + a > b) = e

1
2
a2N(a− b)

Problem 2. Show that if a, b, σ > 0 are constant then E
(
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1
2
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1
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> b)

= aEI(Z > σ−1 ln
b

a
− 1

2
σ)− bEI(Z > σ−1 ln

b
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1

2
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= aEI(Z < σ−1 ln
a

b
+

1

2
σ)− bEI(Z < σ−1 ln

a

b
− 1

2
σ)

= aN(d1)− bN(d−1)

Problem 3. Compute the MGF of a normal(µ, σ2) random variabl

φY (t) = EetY = Eet(µ+σZ) = eµtEetσZ = eµt+
1
2
σ2t2

Problem 4. Prove that the MGF of the sum of two independent random variables is equal to the product
of their MGFs

φX+Y (t) = Eet(X+Y ) = EetXetY = EetXEetY = φX(t)φY (t)

where the property that independence is preserved under transformation by Borel functions, in this case
f(x) = etx

Problem 5. Use the prior result to show that the sum of independent normals is a normal

φ∑
i ciXi

(t) =
∏
i

φciXi
(t) =

∏
i

eciµit+
1
2
c2i σ

2
i t

2

= e
∑

i ciµit+
1
2

∑
i c

2
i σ

2
i t

2

which is the MGF of a normal(
∑

i ciµi,
∑

i c
2
iσ

2
i ) random variable.

Problem 6. Let L(y|µ, σ2) denote the CDF of the log-normal distribution. Derive the following results:

1. µk = EY k = ekµ+ 1
2
k2σ2

2. EY kI(Y < x) = µkL(x|µ+ kσ2, σ2)

3. EY kI(Y > x) = µkL(x−1| − (µ+ kσ2), σ2)
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Since lnY is a normal(µ, σ2) random variable, Y = eµ+σZ where Zis normal(0,1). Hence Y k = ekµ+kσZ and
so by the GSL, µk = ekµ+ 1

2
k2σ2 . Also

EY kI(Y < x) = Eekµ+kσZI(eµ+σZ < x)

= µkEI(eµ+σ(Z+kσ) < x)

= µkEI(eµ+kσ2+σZ < x)

= µkL(x|µ+ kσ2, σ2)

and

EY kI(Y > x) = Eekµ+kσZI(eµ+σZ > x)

= Eekµ+kσZI(e−µ−σZ < x−1)

= µkEI(e−µ−σ(Z+kσ) < x−1)

= µkL(x−1| − (µ+ kσ2), σ2)

and so when k = 0, L(x|µ, σ2) + L(x−1| − µ, σ2) = 1

Problem 7. Let N(x, y; ρ) denote the bivariate normal CDF. Show that

EI(X < b)N

(
a− ρX

(1− ρ2)1/2

)
= N(a, b; ρ)

Note that

N(a, b; ρ) = EI(Y < a,X < b)

= EEXI(Y < a,X < b)

= EI(X < b)EXI(Y < a)

= EI(X < b)P[Y < a|X]

= EI(X < b)P
[
Y − ρX

β
<
a− ρX
β
|X
]

= EI(X < b)N

(
a− ρX
β

)
where the property that Y |X is normal(ρX, β2)

Problem 8. Use prior problem to show that

1. N(x, y; 0) = N(x)N(y)
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2. N(x, y; 1) = N(x ∧ y)

3. N(x, y;−1) = (N(x)−N(−y))I(x+ y > 0)

Since N(x, y; 0) = EI(X < x)N(y) = N(x)N(y) first item is true. Since N(x, y; 1) = limρ↑1 EI(X <

x)N
(
y−ρX
β

)
= EI(X < x)I(y > X) = EI(X < x ∧ y) = N(x ∧ y) the second item is true. Finally,

N(x, y;−1) = lim
ρ↓1

EI(X < x)N

(
y − ρX
β

)
= EI(X < x)I(y +X > 0)

= EI(−y < X < x)

= [N(x)−N(−y)]I(−y < x)

Problem 9. If Xi are correlated normal(µi, σ2
i ) random variables with covariance matrix Γij = σiσjρij show

that Y =
∑

i ciXi is univariate normal(cTµ, cTΓc). Since X = µ + Γ1/2Z where Zis an independent random
vector whose components are normal(0,1),

φY (t) = EetcTX

= EetcT (µ+Γ1/2Z)

= ec
Tµ·tEecT Γ1/2Z

= ec
Tµ·t+ 1

2
cT Γ1/2Γ1/2c

where the symmetry of the covariance matrix is used.

Problem 10. If X, Y are N(0, 1; ρ) show that EY f(X) = ρEf ′(X) where f is a given differentiable and
measurable function.

EY f(X) = EEXY f(X)

= Ef(X)EXY
= ρEf(X)X

=? ρEf ′(X)

Problem 11. Let X, Y satisfy GBM SDEs:

dXt = Xt(µxdt+ σxdBt)

dYt = Yt(µydt+ σydBt)

Derive the product and quotient SDEs.

3



d(XtYt) = YtdXt +XtdYt + dXtdYt

= XtYt

(
dXt

Xt

+
dYt
Yt

+
dXt

Xt

dYt
Yt

)
= XtYt ((µx + µy + σxσy)dt+ (σx + σy)dBt)

and

d(XtY
−1
t ) = dXtY

−1
t −XtY

−2
t dYt − Y −2

t dXtdYt +XtY
−3
t dY 2

t

= XtY
−1
t

(
dXt

Xt

− dYt
Yt
− dXt

Xt

dYt
Yt

+
dYt
Yt

dYt
Yt

)
= XtY

−1
t

(
(µx − µy − σxσy + σ2

y)dt+ (σx − σy)dBt

)
Problem 12. Show that E

(
aeσ1X−

1
2
σ2
1 − beσ2Y− 1

2
σ2
2

)+

= aN(d1)− bN(d2)

E
(
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1
2
σ2
1 − beσ2Y−

1
2
σ2
2

)+

= E
(
aeσ1X−

1
2
σ2
1 − beσ2Y−

1
2
σ2
2

)
I(aeσ1X−

1
2
σ2
1 > beσ2Y−

1
2
σ2
2)

= aEI(aeσ1(X+σ1)− 1
2
σ2
1 > beσ2(Y+ρσ1)− 1

2
σ2
2)− bEI(aeσ1(X+ρσ2)− 1

2
σ2
1 > beσ2(Y+σ2)− 1

2
σ2
2)

= aEI
(

ln
a

b
+

1

2

(
σ2

1 − 2ρσ1σ2 + σ2
2

)
> σ2Y − σ1X

)
−bEI

(
ln
a

b
− 1

2

(
σ2

1 − 2ρσ1σ2 + σ2
2

)
> σ2Y − σ1X

)
= aN

(
1

σ
ln
a

b
+

1

2
σ

)
− bN

(
1

σ
ln
a

b
− 1

2
σ

)
Since Z = σ2Y − σ1X is normal(0,σ , σ2

1 − 2ρσ1σ2 + σ2
2)

Problem 13. If Zis normal(0,1) show that EN(a1Z + b1)N(a2Z + b2) = N(c1, c2; ρ)

PZN(a1Z + b1)N(a2Z + b2) = EEI(U < a1Z + b1)EI(V < a2Z + b2)

= EEI

(
U − a1Z

(1− a2
1)

1/2
<

b1

(1− a2
1)

1/2

)
I

(
V − a2Z

(1− a2
2)

1/2
<

b2

(1− a2
2)

1/2

)

= N

(
b1

(1− a2
1)

1/2
,

b2

(1− a2
2)

1/2
;

a1a2

(1− a2
1)

1/2
(1− a2

2)
1/2

)
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Problem 14. Show that N(a, b; ρ) = N(a, c; ρ1) +N(b,−c; ρ2) . Let X, Y be normal(0,1;ρ). Let y = αx+ β
be a line passing through (a, b). Then β = b− αa

N(a, b; ρ) = EI(X < a, Y < b)

= EI(X < a, Y < b, Y < αX + β) + EI(X < a, Y < b, Y > αX + β)

= EI(X < α−1(Y − β), Y < b) + EI(X < a, Y < αX + β)

= EI (αX − Y < −β, Y < b) + EI(X < a, Y − αX < β)

= N

(
−β

(1− 2ρα + α2)1/2
, b;− 1

(1− 2ρα + α2)1/2

)
+N

(
a,

β

(1− 2ρα + α2)1/2
;

−α
(1− 2ρα + α2)1/2

)
If Xis chosen to have variance σ2

1 and Y is chosen to have variance σ2
2 and the slope α = 1, then β = σ2b−σ1a

and the above analysis can be repeated to attain the desired conclusion of Büchen q10:

N(a, b; ρ) = EI(X < aσ1, Y < bσ2)

= EI(X − Y < −β, Y < bσ2) + EI(X < aσ1, Y −X < β)

= N

(
−β
σ
,
bσ2

σ2

;
ρσ1σ2 − σ2

2

σσ2

)
+N

(
aσ1

σ1

,
β

σ
;
ρσ1σ2 − σ2

1

σσ1

)
= N

(
−β
σ
, b;

ρσ1 − σ2

σ

)
+N

(
a,
β

σ
;
ρσ2 − σ1

σ

)
where σ2 = σ2

1 + σ2
2 − 2ρσ1σ2

Problem 15. Show that N(a, b; ρ) = N(a, c;−β) +N(b)N(−c) where c = ρb−a
β
, β = (1− ρ2)1/2

From problem 14, choose σ2 = ρσ1 to zero the correlation of one term, and choose β = cσ. Then
N(a, b; ρ) = N(−c, b; 0)+N(a, c,− (1−ρ2)σ1

(σ2
1+ρ2σ2

1−2ρ2σ2
1)1/2

= (1−ρ2)1/2). Since uncorrelated normal random variables
are independent, N(−c, b; 0) = N(−c)N(b) and the conclusion follows.
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